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ABSTRACT

Strong magnetic fields are observed in a substantial fraction of upper main se-
quence stars and white dwarfs. Many such stars are observed to exhibit photometric
modulations as the magnetic poles rotate in and out of view, which could be a con-
sequence of magnetic perturbations to the star’s thermal structure. The magnetic
pressure is typically larger than the gas pressure at the star’s photosphere, but much
smaller than the gas pressure in the star’s interior, so the expected surface flux pertur-
bations are not clear. We compute magnetically perturbed stellar structures of young
3M� stars that are in both hydrostatic and thermal equilibrium, and which contain
both poloidal and toroidal components of a dipolar magnetic field as expected for
stable fossil fields. This provides semi-analytical models of such fields in baroclinic
stably stratified regions. The star’s internal pressure, temperature, and flux perturba-
tions can have a range of magnitudes, though we argue the most likely configurations
exhibit flux perturbations much smaller than the ratio of surface magnetic pressure to
surface gas pressure, but much larger than the ratio of surface magnetic pressure to
central gas pressure. The magnetic pole is hotter than the equator in our models, but
a cooler magnetic pole is possible depending on the magnetic field configuration. The
expected flux variations for observed field strengths are δL/L. 10−6, much smaller
than those observed in magnetic stars, suggesting that observed perturbations stem
from changes to the emergent spectrum rather than changes to the bolometric flux.
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1 INTRODUCTION

Magnetic fields produce a substantial impact on the appear-
ance of a star. In stars with convective envelopes, star spots
are well known as regions of high magnetic field strength and
low temperature. Some stars with radiative envelopes are
also known to host strong magnetic fields (e.g., Morel et al.
2014; Wade et al. 2016; Shultz et al. 2019), and such stars
frequently exhibit photometric variability at their rotation
periods, suggesting that their emergent flux is altered by the
magnetic fields. However, it is not clear how the magnetic
fields actually affect the stellar structure and emergent flux,
or whether photometric modulations can be used to learn
about the strength of the star’s internal magnetic fields.

One might expect magnetic fields to affect the photo-
spheric temperature if the magnetic pressure is comparable
to the photospheric gas pressure. Indeed, Cantiello & Braith-
waite (2011) argued that magnetic spots on massive stars
should be hot because they would have lower gas pressures
(and therefore lower densities), allowing us to see deeper into

? Email: jfuller@caltech.edu

the star where the temperature is higher. Relatively mod-
est magnetic fields of B & 100 G are required for large flux
perturbations in this scenario. Observed photometric mod-
ulations from stars with stronger magnetic fields, such as
Ap stars that exhibit photometric modulation with ∼1-3%
amplitudes (Hümmerich et al. 2018), are much smaller than
naively predicted from this scenario.

The reason is that a star’s radiative flux will change in
response to the magnetic perturbation (i.e., the magnetic
hot spot will cool off) until the star finds a new radia-
tive equilibrium. Long-lived magnetic fields will thus pro-
duce much different effects than transient fields arising from
magnetic activity. To compute the perturbed structure of a
star with a stable magnetic field, we must find a structure
that is in both hydrostatic equilibrium and radiative equi-
librium. For rotating stars, it is well known that no state of
radiative equilibrium exists for solid body rotation, so that
stars must either have very special rotation profiles (von
Zeipel 1924; Busse 1981; Rieutord 2006), or have currents
that advect heat (Eddington 1929; Sweet 1950) and restore a
state of equilibrium (see Maeder 1999, Decressin et al. 2009,
Mathis 2013 for useful synopsis). Our goal in this paper is
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2 Fuller & Mathis

to compute the special magnetic field profiles that allow for
radiative equilibrium without requiring currents within the
star.

In addition, the magnetic field configuration must be a
stable equilibrium that does not unravel via magnetic insta-
bilities such as those of purely toroidal fields (Tayler 1973)
and purely poloidal fields (Markey & Tayler 1973). Several
works (Braithwaite & Spruit 2004; Braithwaite & Nordlund
2006; Braithwaite 2008; Broderick & Narayan 2008; Lyu-
tikov 2010; Duez & Mathis 2010; Duez et al. 2010b; Akgün
et al. 2013; Becerra et al. 2022b) have computed stable
magnetic equilibria through analytic calculations or numer-
ical simulations. These works agree that purely poloidal or
toroidal magnetic field configurations are unstable, and that
stable equilibria require similar toroidal and poloidal field
strengths (Tayler 1980; Braithwaite 2009). Stable stratifica-
tion (i.e., non-barotropic stars) is also required for long-term
stability (Lander & Jones 2012; Akgün et al. 2013; Becerra
et al. 2022a). Magnetic configurations decrease their mag-
netic energy but approximately conserve their magnetic he-
licity as they form and evolve (Braithwaite 2008). This is
the so-called selective decay as observed in plasmas in the
laboratory (Taylor 1974). Hence, recent works have com-
puted stable field configurations through variational tech-
niques that minimize total energy while conserving magnetic
helicity (Broderick & Narayan 2008; Duez & Mathis 2010).

However, all of these works have assumed barotropic
perturbations such that the perturbed temperature is di-
rectly proportional to the perturbed pressure. While these
configurations are in hydrostratic equilibrium, they are not
typically in thermal equlibrium, meaning that heat will be
transported from high temperature to low temperature re-
gions, changing the gas pressure and therefore the magnet-
ically perturbed stellar structure. This heat transport will
occur on a thermal time (typically ∼106 yr in A-type stars),
much shorter than Ohmic diffusion time scales (∼ 1010 yr)
and main sequence life times (∼109 yr). Hence, real stars
will approach a state close to hydrostatic equilibrium and
thermal equilibrium, which has not been considered in re-
cent literature. Accounting for thermal equilibrium is crucial
for predicting the long-term equilibria of stars (Reiseneg-
ger 2009), and observational manifestations such as the per-
turbed surface flux.

Calculations of equilibrium magnetic configurations
date back to the 1950s (e.g., Chandrasekhar 1956; Chan-
drasekhar & Prendergast 1956). Subsequent work included
the effects of centrifugal distortion and meridional flows
(e.g., Ostriker & Hartwick 1968; Mestel & Moss 1977). Inter-
estingly, works dating back to the 1960s (Monaghan 1966;
Davies 1968; Wright 1969; Moss 1973, 1979; Li et al. 2006)
have attempted to compute the structures of stars in both
hydrostatic and thermal equilibrium. However, much of this
work is either difficult to interpret, does not discuss the per-
turbed thermal structure and surface flux, does not consider
fields with both poloidal and toroidal components, or has
simply been forgotten. The goal of this paper is to provide
updated calculations of magnetically distorted stars in sta-
ble hydrostatic and thermal equilibrium for realistic stellar
structures, and to discuss the observational implications.

In this paper we primarily focus on application to up-
per main sequence stars of M&1.5M� with convective cores
and radiative envelopes. Much of the physics studied here

could also apply to radiative stars such as white dwarfs and
the radiative cores of red giants where internal fields can be
detected through asteroseismology (Garćıa et al. 2014; Stello
et al. 2016; Li et al. 2022) because of their impact on stellar
oscillations (Fuller et al. 2015; Lecoanet et al. 2017; Loi 2021;
Bugnet et al. 2021; Mathis et al. 2021). Magnetic upper main
sequence stars have typical surface field strengths of ∼1 kG
(see Braithwaite & Spruit 2017 for a review) and surface
magnetic pressures larger than surface gas pressures, such
that magnetic forces could be strong. The surface magnetic
morphologies are observed to be diverse: they can be com-
plex or simple, axisymmetric or non-axisymmetric, poloidal
or toroidal (Landstreet & Mathys 2000; Kochukhov et al.
2011; Shultz et al. 2019). However, as a first step, in this
work we examine simple dipolar magnetic configurations
that produce quadrupolar temperature/pressure perturba-
tions, which likely dominate observable photometric modu-
lations.

2 EQUILIBRIUM STRUCTURE

Our goal is to calculate the structure of a magnetized star in
hydrostatic and thermal equilibrium, considering non-force-
free magnetic fields. We begin from the equation for magne-
tohydostratic equilibrium

−∇P − ρ∇Φ +
(∇×B)×B

4π
= 0 , (1)

where P is the pressure, ρ the density, Φ the gravitational
potential, and B the magnetic field. We choose to work in
standard spherical coordinates with r the radius and θ the
colatitude. Following Duez & Mathis (2010), we decompose
the magnetic field into a poloidal magnetic stream function
Ψ and a toroidal magnetic flux F via

B =

√
4π

r sin θ
∇Ψ× φ̂+

√
4π

r sin θ
F φ̂ . (2)

This means that

Br =

√
4π

r2 sin θ

∂Ψ

∂θ
, (3)

Bθ =
−
√

4π

r sin θ

∂Ψ

∂r
, (4)

Bφ =

√
4π

r sin θ
F . (5)

We consider an axisymmetric magnetic field such that Ψ and
F are independent of φ. It can easily be verified that this
field always satisfies ∇ ·B = 0.

The φ-component of equation 1 becomes

− ∂F

∂θ

∂Ψ

∂r
+
∂F

∂r

∂Ψ

∂θ
= 0 . (6)

This is always satisfied if F is a function of Ψ, or in other
words, the poloidal flux Ψ uniquely determines F and hence
the toroidal field. Broderick & Narayan (2008) and Duez &
Mathis (2010) show that the lowest energy state has

F =
λ

R
Ψ , (7)

where the constant λ determines the magnetic helicity, and
R is the stellar radius. This clearly satisfies equation 6. This
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Magnetic Structure 3

also results if we assume that F and Ψ have the same angular
form, such that equation 6 reduces to

1

F

dF

dr
=

1

Ψ

dΨ

dr
. (8)

The solution to this equation is equation 7, for a constant λ
that is independent of radius.

Writing out the hydrostatic equilibrium condition and
using equation 7, the radial component of equation 1 be-
comes

− 1

r2 sin2 θ

[
λ2

R2
Ψ + ∆∗Ψ

]
∂Ψ

∂r
=
∂P

∂r
+ ρ

∂Φ

∂r
, (9)

while the θ-component is

− 1

r2 sin2 θ

[
λ2

R2
Ψ + ∆∗Ψ

]
∂Ψ

∂θ
=
∂P

∂θ
+ ρ

∂Φ

∂θ
. (10)

Here, ∆∗ is the “Grad-Shafranov” or “five-dimensional
Laplacian” operator, defined as

∆∗ =
∂2

∂r2
+

sin θ

r2

∂

∂θ

(
1

sin θ

∂

∂θ

)
=

∂2

∂r2
+

1− µ2

r2

∂2

∂µ2
, (11)

where µ = cos θ.
It is immediately evident from equations 9 and 10 that

the field is force-free if

λ2

R2
Ψ + ∆∗Ψ = 0 . (12)

This results in a simple linear eigenvalue calculation for the
magnetic potential Ψ, and is the type of field considered by
Broderick & Narayan (2008). The work of Duez & Mathis
(2010) considers a non-force-free field such that

λ2

R2
Ψ + ∆∗Ψ = −βρr sin2 θ , (13)

where β is a constant that determines the strength of the
magnetic force. As an example, the case with λ = 0 and
β = 0 corresponds to a force-free poloidal dipole field. This
can be seen from equation 12, whose solution has Ψ ∝ r−1

and hence B ∝ r−3 in that case. A non-zero value of β alters
both the magnetic forces and the radial profile of the field.

Substitution of equation 13 into equations 9 and 10
yields

βρ∇Ψ = ∇P + ρ∇Φ . (14)

Hence there is a direct relationship between the magnetic
flux and the pressure perturbation for barotropic perturba-
tions. Remarkably, the non-linear equations 9 and 10 have
been transformed into a linear relationship between Ψ and
P . Taking the curl of equation 14 yields

∇ρ×∇P = 0 . (15)

This implies that P is a function of ρ, and hence equation
13 is a solution for a barotropic equation of state such that
density and pressure perturbations are directly proportional
to each other.

In our work, we want to consider non-force-free fields
that produce non-barotropic density and pressure pertur-
bations. Hence, we cannot use the approximations made in
Broderick & Narayan (2008) or Duez & Mathis (2010), and
we shall see that this generally leads to a series of non-linear

differential equations that relate the magnetic field to den-
sity, temperature, and pressure perturbations. In our calcu-
lations, we parameterize the strength of the magnetic forces
via a parameter β. Assuming barotropic perturbations en-
tails that β (as defined in equation 13) is a constant within
the star. Accounting for radiative diffusion, this is no longer
the case. Nonetheless, we shall see below that we still require
a parameter to specify the strength of the magnetic forces,
which in practice is determined by the boundary conditions.
Since our stellar model has a convective core where equation
13 is a good approximation, we label our structures based
on the resulting β in the convective core.

2.1 Electric Currents

The current density is

j =
∇×B

4π

=
λ

4πR
Brr̂ +

λ

4πR
Bθ θ̂ −

1√
4πr sin θ

∆∗Ψφ̂ . (16)

The force-free field of equation 12 occurs when j is parallel
to B. Force-free fields are also obtained when Ψ = 0 (no
magnetic field) or from current-free fields, which only occur
when both λ = 0 and and ∆∗Ψ = 0. Note that the radial
current is proportional to the radial magnetic field, hence
a vanishing radial current near the surface of the star re-
quires a vanishing radial field Br, which in turn requires Ψ
to vanish at the stellar surface.

2.2 Hydrostatic Equilibrium

In order to determine an equilibrium state, we use a linear
approximation such that perturbations to background quan-
tities (ρ, P , etc.) are considered to be small. The linearized
version of the radial momentum equation (9) is

− 1

r2 sin2 θ

[
λ2

R2
Ψ+∆∗Ψ

]
∂Ψ

∂r
=

∂

∂r
δP+ρ

∂

∂r
δΦ+gδρ , (17)

while the θ-component of equation (10) is

− 1

r2 sin2 θ

[
λ2

R2
Ψ + ∆∗Ψ

]
∂Ψ

∂θ
=

∂

∂θ
δP + ρ

∂

∂θ
δΦ . (18)

Here, δ indicates an Eulerian perturbation, and we have used
a background in hydrostatic equilibrium with dP/dr = −ρg,
and g = dΦ/dr.

We next turn to the angular dependence of the magnetic
field and the perturbations to the stellar structure. Decom-
posing Ψ into eigenvalues of the horizontal component of ∆∗

requires

(1− µ2)
∂2

∂µ2
g`(µ) = −`(`+ 1)g`(µ) , (19)

where g` is the angular eigenfunction corresponding to the
eigenvalue −`(` + 1) of the operator on the left hand side
of equation 19. The full response is Ψ =

∑
` Ψ`g`(µ). As

discussed in Duez & Mathis (2010), the eigenvalue equation
above has solutions

g`(µ) = (1− µ2)P`−1(µ) , (20)

where P` is a Legendre polynomial.
For the lowest order (dipole) solution with ` = 1, we
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4 Fuller & Mathis

Figure 1. Magnetic field lines of a star for a toroidal field com-
parable to the poloidal field (λ2 = 10). Magnetic field lines are

colored by field strength, while the color shading indicates the

radiative flux perturbation at a given radius.

have g`(µ) = (1− µ2) and hence Ψ = Ψ`(r) sin2 θ. Plugging
this into equation 17 yields

− sin2(θ)

r2

[
∂2

∂r2
Ψ`(r)−

`(`+ 1)

r2
Ψ`(r) +

λ2

R2
Ψ`(r)

]
∂Ψ`(r)

∂r

=
∂

∂r
δP + ρ

∂

∂r
δΦ + gδρ . (21)

We see that the perturbed density, pressure, and poten-
tial must have angular form δP ∝ sin2(θ), which is a
combination of the ` = 2 and ` = 0 spherical harmon-
ics. Hence a dipole magnetic field induces both radial and
quadrupole components to the star’s distortion. Figure 1
illustrates the geometry of a dipolar magnetic field with
helicity λ2 = 10 that induces quadrupolar flux perturba-
tions. The quadrupole (` = 2) component of the field in-
duces ` = 4, ` = 2, and ` = 0 components of the stellar
distortion.

We thus have the unfortunate situation that the angular
eigenfunctions of the magnetic and hydrodynamic variables
are not the same, meaning that the radial and angular parts
of the response cannot generally be separated. In this work,
we limit ourselves to dipole magnetic field configurations,
which induce ` = 0 and ` = 2 components to the stellar
structure perturbations. We are not interested in the ` = 0
component of the stellar response, as it is the non-radial
magnetic distortions that draw our focus. Hence, from here
forward, we consider a dipole (` = 1) magnetic field and the
quadrupolar (` = 2) component of the stellar response.

Letting the pressure response be

δP = a0δp0(r)Y00(θ) + a2δp2(r)Y20(θ) (22)

and setting the angular dependence equal to sin2 θ requires
a2 = −

√
16π/45. The radial component of the response is

then a0δp0(r) = (4
√
π/3)δp2(r). Dropping the (r) depen-

dence and subscripts of Ψ` and δp2 for simplicity, equations

17 and 18 can be written[
∂2

∂r2
Ψ− `(`+ 1)

r2
Ψ +

λ2

R2
Ψ

]
∂Ψ

∂r

= −r2 ∂δp

∂r
− r2ρ

∂

∂r
δΦ− r2gδρ , (23)

[
∂2

∂r2
Ψ− `(`+ 1)

r2
Ψ +

λ2

R2
Ψ

]
Ψ = −r2δp− r2ρδΦ , (24)

and it is now understood that these equations are only valid
for ` = 1 and δp, δΦ etc. refer to the quadrupolar part of
the stellar response. Equation 24 can be substituted into
equation 23 to obtain(

δp+ ρδΦ
)∂Ψ

∂r
=

[
∂δp

∂r
+ ρ

∂

∂r
δΦ + gδρ

]
Ψ . (25)

However, we have divided by Ψ to obtain this equation, so
we must be wary of solutions that cross Ψ = 0.

The gravitational potential perturbation is given by
Poisson’s equation,

∇2δΦ = 4πGδρ . (26)

This can be written in terms of two first-order equations,

∂

∂r
δΦ− δΦ′ = 0 , (27)

∂

∂r
δΦ′ +

2

r
δΦ′ − (`+ 1)(`+ 2)

r2
δΦ− 4πGδρ = 0 . (28)

2.3 Thermal Equilibrium

We next turn to the equations of thermal equilibrium. En-
ergy conservation requires

ρT
ds

dt
= ρε−∇ · F , (29)

where T is temperature, s is specific entropy, ε is the specific
energy generation rate, and F is the energy flux. In thermal
equilibrium, the entropy is constant, and the background
state only has a radial flux 4πr2F = L, which entails that
dL/dr = 4πρr2ε. Additionally, the energy flux is

F = −χ∇T (30)

where

χ =
4acT 3

3κρ
. (31)

is the thermal diffusivity. This means that the background
temperature gradient is dT/dr = −L/(4πr2χ).

For a perturbation in thermal equilibrium, the Eulerian
perturbation of equation 29 is

∇ · δF− δρε− ρδε = 0 . (32)

The Eulerian perturbation of equation 30 is

δF = −δχdT
dr

r̂− χ∇δT . (33)

Taking the horizontal divergence of the horizontal part of
this equation yields

∇⊥ · δF⊥ = −χ∇2
⊥δT , (34)
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where ∇2
⊥ = −(`+1)(`+2)/r2 since we are considering per-

turbations with spherical harmonics of degree `+1. Plugging
this into equation 32 and using 4πr2δFr = δL, we obtain

∂

∂r
δL+ 4π(`+ 1)(`+ 2)χδT − 4πρr2

(
δρ

ρ
ε+ δε

)
= 0 . (35)

This can be rewritten

r
∂

∂r

δL

Ls
+

4π(`+ 1)(`+ 2)χTr

Ls

δT

T
− r

Ls

dL

dr

(
δρ

ρ
+
δε

ε

)
= 0 ,

(36)
where Ls is the star’s surface luminosity. The energy gen-
eration perturbation can be expanded as δε/ε = εT δT/T +
ερδρ/ρ, where εT = (∂ ln ε/∂ lnT )ρ and ερ = (∂ ln ε/∂ ln ρ)T ,
yielding

r
∂

∂r

δL

Ls
+

4π(`+ 1)(`+ 2)χTr

Ls

δT

T

− r

Ls

dL

dr

(
(1 + ερ)

δρ

ρ
+ εT

δT

T

)
= 0 . (37)

The radial component of equation 33 can be written

δFr
F

=

(
3
δT

T
− δκ

κ
− δρ

ρ

)
− χ

F

∂δT

∂r
. (38)

Using δκ/κ = κT δT/T + κρδρ/ρ, where κT =
(∂ lnκ/∂ lnT )ρ and κρ = (∂ lnκ/∂ ln ρ)T , this can be writ-
ten as

r
∂

∂r

(
δT

T

)
+

L

4πrχT

[
δL

L
− (4− κT )

∂T

T
+ (1 + κρ)

δρ

ρ

]
= 0.

(39)
Finally, we require an equation of state to close the

system of equations. This is given by

δP

P
− χT

δT

T
− χρ

δρ

ρ
= 0 , (40)

where χT = (∂ lnP/∂ lnT )ρ and χρ = (∂ lnP/∂ ln ρ)T and
are determined by the equation of state. This is valid if the
composition is uniform, otherwise there will be an additional
term in equation 40, which we discuss in Section 4.

2.4 Equations and Boundary Conditions

Putting everything together, we have a system of equations
that can be solved for six variables: Ψ and its radial deriva-
tive Ψ′ = ∂Ψ/∂r, and the Eulerian perturbations δP , δρ,
δT , and δL. The equations can be written

∂

∂r
Ψ−Ψ′ = 0 , (41)

r2Ψ
∂

∂r
Ψ′+

(
λ2r2

R2
−`(`+1)

)
Ψ2+r4P

δP

P
+r4ρδΦ = 0 , (42)

rΨ
∂

∂r

δP

P
+
ρgr

P
Ψ
δP

P
+
rρ

P
Ψ
∂

∂r
δΦ +

ρgr

P
Ψ
δρ

ρ

− rΨ′
(
δP

P
+
ρδΦ

P

)
= 0 , (43)

r
∂

∂r

(
δT

T

)
+

L

4πrχT

[
δL

L
− (4− κT )

δT

T
+ (1 + κρ)

δρ

ρ

]
= 0 ,

(44)

r
∂

∂r

δL

Ls
+

4π(`+ 1)(`+ 2)χTr

Ls

δT

T

− r

Ls

dL

dr

(
(1 + ερ)

δρ

ρ
+ εT

δT

T

)
= 0 , (45)

along with Poisson’s equation (equations 27 and 28) and the
equation of state (equation 40). This system contains seven
first-order differential equations, two of which are non-linear.
They depend on the field geometry ` (assumed to be ` = 1
here), and the magnetic helicity λ.

This system of equations requires seven boundary con-
ditions in order to be solved. At the inner boundary, we
require

Ψ = 0 (46)

δP

P
= 0 , (47)

and

δΦ = 0 , (48)

These ensure that δT/T , δρ/ρ, and δL/Ls are also zero at
the center of the star.

At the surface, we require the blackbody radiation con-
dition

∆L

Ls
− 4

∆T

T
− 2

ξr
r

= 0 , (49)

where ∆ indicates a Lagrangian perturbation. Using
dL/dr = 0 at the surface, and the surface pressure boundary
condition ∆P = 0, which becomes (P/ρgr)δP/P = ξr/r �
δP/P , we can drop the last term, and this can be written as

δL

Ls
− 4

δT

T
+ 4∇δP

P
= 0 , (50)

where ∇ = d lnT/d lnP . At the outer boundary we require
a decaying potential perturbation:

δΦ′ = − `+ 2

r
Φ . (51)

Additionally, the amplitude of the response can be chosen
with a normalization condition at the surface, e.g.,

Ψ =
√
GM2 . (52)

Finally, we require another boundary condition at the
surface that determines the amplitude of another variable
(e.g., δT/T or δL/Ls), relative to Ψ. This boundary condi-
tion will determine the amplitude of the surface flux pertur-
bation and can be considered to be a measure of the strength
of the magnetic forces within the star. It is similar to speci-
fying the strength of the magnetic forces in barotropic stars
with a β parameter as described in Duez & Mathis (2010)
and in Section 2.5. In practice, we set the luminosity per-
turbation at the outer boundary in order to determine an
effective value of β. Setting δL = 0 at the outer boundary
would be equivalent to setting β = 0.

We pause to note a few important points. First, the dis-
placement vector ξ does not appear anywhere in our system
of equations. Lagrangian perturbations cannot be calculated
from this system of equations, except at the surface where
ξr/r = (P/ρgr)δP/P . Physically this arises from the fact
that in a thermally relaxed system of uniform composition,
there are an infinite number of combinations of radial and
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6 Fuller & Mathis

horizontal displacements ξr and ξ⊥ that could give rise to
a given density perturbation δρ/ρ. This is discussed further
in Section 4.

A second important point is that we have not imposed a
surface boundary condition in which the poloidal or toroidal
component of the magnetic field goes to zero. This is quite
different from the fields studied in Broderick & Narayan
(2008) and Duez & Mathis (2010). A non-zero toroidal field
requires a current to flow at the surface of the star, which is
often assumed to be zero due to the vanishing density and
temperature. Real stars, however, do not have zero tem-
perature or density in their photospheres or coronae, which
can support currents and toroidal fields (Kochukhov et al.
2011; Shulyak et al. 2007, 2010). Therefore, we do not im-
pose Ψ = 0 at the surface. A consequence of relaxing this
condition is that λ is no longer an eigenvalue, and the system
of equations can now be solved for any value of λ.

Alternatively, one could argue that the radial compo-
nent of the electric current (Equation 16) should vanish at
the surface of the star. This would require Br = 0 and hence
Ψ = 0 as discussed in Section 2.1, and imposed by Broderick
& Narayan (2008) and Duez & Mathis (2010). This eighth
boundary condition would transform our system of seven
differential equations into an eigenvalue problem that could
only be solved for certain combinations of λ and the surface
flux perturbation. We discuss this further in Section 3 and
4.

2.5 Convective Zones

In convective zones, the radiative diffusion equation no
longer applies, and equations 44 and 45 are not valid. In-
stead, we assume that the perturbation to the entropy is
nearly zero, as convective heat flux will quickly smooth out
any entropy gradients. We therefore have

d lnT

d lnP
= ∇ad =

Γ3 − 1

Γ1
. (53)

Perturbing this yields

δT

T
− Γ3 − 1

Γ1

δP

P
= 0 . (54)

and

δP

P
− Γ1

δρ

ρ
= 0 . (55)

Since the perturbations are barotropic, the system of
equations 41-43 simplifies, as discussed above. In this case,
the system of equations reduces to that of Duez & Mathis
(2010):

∂

∂r
Ψ−Ψ′ = 0 , (56)

∂

∂r
Ψ′ +

(
λ2

R2
− `(`+ 1)

r2

)
Ψ + βr2ρ = 0 . (57)

Here, β is a constant that determines the magnitude of the
magnetic force. Comparison with equation 14 shows that the
pressure perturbation is

δP

P
+
ρδΦ

P
=
βρΨ

P
. (58)

Equations 56 and 57 combine into a linear wave equation:

∂2

∂r2
Ψ +

(
λ2

R2
− `(`+ 1)

r2

)
Ψ + βr2ρ = 0 . (59)

2.6 Linking Convective and Radiative Zones

In this work we only consider stars with convective cores
and radiative envelopes. To solve for the magnetic field in
the full star, we choose a value of λ and a surface flux per-
turbation δL/L, which effectively sets the magnetic forces
and the value of β within the convective zone. Within the
convective zone, we replace equation 44 with equation 54,
and we replace equation 45 with ∂δL/∂r = 0. However, the
value of δL is not defined in the convective zone, only within
the radiative zone above it. In our solutions, we verify that
equation 58 is approximately satisfied within the convective
region. We then label our solutions by the corresponding
value of β.

2.7 Solving the Equations

We solve the system of equations above in a stellar model
generated with the MESA stellar evolution code (Paxton
et al. 2011). We choose a M = 3M� star at the start of the
main sequence, with a radius of R = 2.1R�, a surface tem-
perature of Teff = 11, 800 K, and a convective core bound-
ary at r/R = 0.13. This model resembles typical magnetic
Ap/Bp stars that are observed to harbor strong magnetic
fields. Our model has nearly uniform stellar composition so
that the equation of state (equation 40) is a good approxi-
mation.

We use a relaxation technique from Numerical Recipes
(Press et al. 2007) to solve the system of equations in Sec-
tion 2.4. We solve the equations on the same grid as the
underlying MESA model. A good initial guess is often re-
quired in order reliably to converge to a solution. Spurious
solutions (involving sudden jumps in the derivatives of δP
and Ψ) are often found, so caution is required. There may be
other physical solutions that exist that we do not examine
in this work.

3 SOLUTIONS

In our models, both λ and β are free parameters. Physi-
cally, λ represents the magnetic helicity which is determined
by the dynamo process that created the field, and which is
roughly conserved during subsequent turbulent relaxation
(Braithwaite 2008; Duez & Mathis 2010). The lowest en-
ergy stable field configurations have λ ∼ 1, so λ values in
the range of 1-10 are reasonable expectations for real stars,
though larger values are possible. The value of β determines
the relative strength of magnetic forces as described in the
previous section.

Figure 2 and 3 show the magnetic field configuration
for a model with λ2 = β = 10. The poloidal field is largest
at the center of the star, where its field strength is roughly
four times larger than the surface value. The toroidal field
is largest at r/R ≈ 0.7. We shall see below that β = 10 is
small such that the magnetic field is similar to a force-free
field. For this value of λ, there is a null point (where Bθ = 0
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Figure 2. Meridional slices of a star, with color shading indicating the strength of the toroidal magnetic field (left) and poloidal

magnetic field (right) normalized to the maximum magnetic field. Orange lines show magnetic field lines of the poloidal field. This model

has magnetic helicity λ2 = 10 and magnetic force β = 10.
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Figure 3. Radial profiles of the r, θ, and φ-components of the

magnetic field, scaled to the radial field at the surface, for models
with β = 10. Panels are labeled by their values of λ2 and β.
Note that the field is much more centrally concentrated for higher
values of λ or β.

and the field lines converge to closed loops at the equator)
at r/R ' 0.85. Both the poloidal and toroidal fields extend
above the surface of the star, where the field is force-free but
is not current-free.

Figure 4, 5, and 6 show the magnetic potential Ψ, pres-
sure perturbation δP/P , and luminosity perturbation δL/L
as a function of radius. In Figure 4, each curve has a dif-
ferent value of λ. Higher values of λ cause more oscillatory
variation of Ψ, as can be seen in equation 59 where the
radial wavenumber of Ψ is roughly

√
λ2/R2 − `(`+ 1)/r2.

Higher values of λ push the null point and toroidal field
maximum deeper into the star, and also cause the central
field strengths to become larger relative to the surface field
strength, as shown in Figure 3. In this stellar model, a value
of λ' 20 is the first value of λ for which Ψ = 0 at the sur-
face. From equation 42 we see that Ψ = 0 requires δP = 0,
so the Eulerian pressure perturbation is always zero where
the radial component of the field is zero.

For larger values of λ or β, the values of Ψ and δP
approach zero somewhere within the model. When this hap-
pens, the numerical solutions exhibit strange behavior. The
values of Ψ′ and ∂δP/∂r sometimes exhibit discontinuous
jumps at the zero-crossings of Ψ. However, the radial mag-
netic field, pressure perturbation, and temperature pertur-
bations are all continuous across these zero-crossings (only
their derivatives are discontinuous). It is unclear if these so-
lutions are physical or numerical artifacts. Physically, these
solutions would exhibit a discontinuity in the θ-component
of the magnetic field, an associated current sheet, and a
discontinuity in both the magnetic force and the pressure
force. Because the physicality of these solutions is unclear
and they also sometimes cause numerical convergence prob-
lems, we will not investigate them further in this work.
More highly oscillatory solutions also represent higher en-
ergy states (Broderick & Narayan 2008) and may be less
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Figure 4. Profiles of the magnetic potential Ψ, relative pressure

perturbation δP/P , and luminosity perturbation δL (in units of

Lsurf) as a function of radius for a model with β = 10 and varying
values of the helicity λ. All quantities are normalized so that Ψ =

1 at its maximum. Stronger toroidal fields (larger λ) create more

oscillatory magnetic fields, but the associated surface luminosity
perturbation varies only slightly. The large values of δP/P near

the surface are discussed in Section 3.5.

likely to exist in stars that have relaxed to a minimum en-
ergy state.

In Figure 4, the relatively small value of β = 10 means
that the pressure and density terms in equation 42 are neg-
ligible relative to the magnetic terms, and the field is nearly
force-free. The magnetic solutions are thus similar to the
force-free solutions of Broderick & Narayan (2008). In this
limit, the perturbed pressure, temperature, etc. have a value
that is proportional to β, with a radial dependence that is
determined only by λ and the structure of the star. This
can be seen from equation 58, such that the value of δP ,
δT , and δL are roughly proportional to β at the radiative
convective interface, and hence within the bulk of the ra-
diative zone. It is demonstrated in Figure 5 and 6, where
the pressure and luminosity fluctuations have similar pro-
files and increase linearly with β, as long as β . 100. Hence,
a wide range in surface temperature and flux variations are
possible for a given surface field, depending on the strength
of the magnetic forces, parameterized by β in these models.

For larger values of β, however, the pressure/density
terms in equation 42 become comparable to the magnetic
terms. Physically this means that gas pressure forces begin
competing with magnetic forces, altering the profile of the
magnetic field. Large values of β have a similar effect to
larger values of λ, causing more oscillatory behavior of the
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Figure 5. Same as Figure 4, but for a model with λ2 = 10 and

varying values of β. Larger magnetic forces (higher values of β)

create larger surface luminosity perturbations and more oscilla-
tory magnetic fields.

magnetic potential Ψ. The surface pressure and luminosity
perturbations reach a maximum when β ∼ 200, and decrease
at larger values. This is because Ψ (and hence δP ) become
smaller near the surface at large values of β as gas pressure
forces start backreacting on the magnetic field profile. The
magnitude of β needed to have a large influence on the field
profile can be seen from equation 59: β must be large enough
for the last term to be comparable to the second term. Deep
within the star, this requires β ∼ `(`+1)Ψ/(ρr4), which typ-
ically has a value of a couple hundred for our stellar model
and normalization.

From Figure 4-6, we see that δP/P typically approaches
very large values near the surface of the star, because P
reaches very small values. However, the value of δP ap-
proaches very small values δP ' ρgξr near the surface, such
that the Lagrangian pressure perturbation ∆P = δP − ρgξr
smoothly approaches zero at the surface. The value of δP/P
thus approaches δP/P ' ξr/H at the star’s surface, which
becomes large as the pressure scale height H becomes small.
Although δP/P peaks near the surface, the value of δP
peaks at radii of r/R ' 0.2, as can be seen in Figure 7.
The values of δρ and δΦ show similar behavior.

In contrast, the value of δT increases within the con-
vective zone and then maintains a roughly constant profile
throughout the star. The derivative of δT has a discontinuity
at the convective interface due to the change in structure and
energy transport mechanism. Within the convective core, δT
is directly proportional to δP which is proportional to Ψ
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Figure 6. Same as Figure 5, but for a model with λ2 = 2. Al-

though the magnetic structure is somewhat different, the surface

luminosity perturbations are similar to the case in Figure 5 with
stronger toroidal fields.
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Figure 7. The magnetic potential Ψ (units of
√
GM2), pressure

perturbation δP (units of GM2/R4), temperature perturbation

δT (units of Tcen), density perturbation δρ (units of M/R3), lumi-
nosity perturbation δL (units of Lsurf), and gravitational poten-

tial perturbation δΦ (units of GM/R) for a model with λ2 = 10,

β = 10. The kinks at r = 0.13 occur at the boundary of the
convective core.

(equations 54 and 58), but in the radiative zone δT is de-
termined by the thermal equilibrium conditions (equations
44 and 45). This causes oscillatory variations in δT in the
outer layers of the star, due to variations in the thermal dif-
fusivity χ caused by opacity variations in partial ionization
zones near the surface.

Nevertheless, the luminosity perturbation δL always
changes smoothly and gradually throughout the star. Phys-
ically this occurs because sudden changes in δL would be
smoothed out by radiative diffusion. Mathematically this
can be seen from equation 45, because the values of χTr/L
and d lnL/d ln r become very small near the surface of the
star, preventing sudden variation in δL, despite large values
of δP/P and δT/T . Interestingly, in all of our models, the
luminosity perturbation switches sign at r/R ' 0.23 within
the radiative region above the convective core.

3.1 Surface Flux Perturbation

All of our models have negative surface luminosity pertur-
bations δL2 as shown in the figures. However, the quadrupo-
lar component of the physical response (see equation 22) is
δL = δL2(1/3−cos2 θ). Hence, a negative value of δL2 trans-
lates to a positive flux perturbation at the magnetic pole
and a negative flux perturbation at the magnetic equator,
as shown in Figure 1. This is consistent with the heuristic
idea that strong magnetic pressure at the star’s pole causes
the gas pressure and density to be smaller, allowing us to see
deeper into the star such that magnetic spots are brighter
(Cantiello & Braithwaite 2011). However, it is also possible
for our models to produce a negative flux perturbation at
the magnetic pole if we consider negative values of β, so in
principle it is possible for the magnetic pole to be either hot
or cool. Below we argue that a hot magnetic pole is more
likely.

The value of the surface flux perturbation in our models
is δL/L ∼ βΨ2

max, where Ψmax is the maximum value of Ψ
reached within the model. Since we have normalized Ψmax

to units of
√
GM2, this implies

δL

L
∼ β

4π

B2
maxr

4
max

GM2
, (60)

where Bmax and rmax are the magnetic field and radius
where Ψ peaks. In our models, this roughly translates to

δL

L
∼ 10−11β

(
Bsurf

1kG

)2(
R

R�

)4(
M

M�

)−2

, (61)

where Bsurf is the magnetic field at the star’s surface. Clearly
this is too small to be detected in main sequence stars un-
less extremely large values of β are assumed. Equation 61
is consistent with a naive estimate from the von Zeipel the-
orem applied to the star’s interior. The smoothly varying
magnetic fields of our models produce magnetic forces of
order fmag ∼ βB2/(ρr). Using the average stellar density
ρ ∼ M/R3 and gravitational force g ∼ GM/R2 yields the
von Zeipel estimate of δF/F ∼ fmag/g ∼ βB2R4/GM2.

3.2 Most likely field configurations

As mentioned in Section 2.1, the radial current jr may be
expected to be close to zero near the surface of the star
so that current does not flow into the star’s low-density
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Figure 8. Magnetic structures for models whose poloidal com-
ponent has a potential profile (Ψ ∝ r−`) at the outer boundary,

for various magnetic helicities λ. This outer boundary condition

effectively sets the strength of magnetic forces, β. Configurations
similar to these may be more likely to exist in real stars.

corona. From equation 16, the only way this can happen
is when λ2 = 0 or Ψ = 0 at the surface of the star. If
there are near-surface toroidal fields, Ψ (and hence Br) must
be zero to have a non-zero current flowing out of the star.
Hence there is a critical value β0 such that Ψ = 0 at the
star’s surface. Figure 5 indicates this occurs at β0'200 and
δL/L ∼ −400 for λ2 = 10 in our stellar model, or β0 ' 300
and δL/L ∼ −500 for λ2 = 2 (Figure 6). Hence, those so-
lutions are arguably the most physically probable amongst
the possibilities shown here. Fireffig:magstrucvis shows the
predicted surface flux variations for β = β0. Even though
the large values of β increase the surface flux perturbation
above the naive estimate discussed above, it is too small to
be detected with current instruments.

Another possibility is that the value of λ2 is not con-
stant within the star due to dissipative effects near the sur-
face. In that case, one may expect the value of λ to de-
crease near the star’s surface, allowing the radial current
to vanish and still have a large value of Ψ and hence a
non-zero radial magnetic field. If the electric currents de-
crease to zero near or above the surface, the field must ap-
proach a potential configuration. Potential force-free fields
have ∂Ψ/∂r2 = `(` + 1)Ψ/r2, and an outwardly decreasing
field has Ψ ∝ r−` and hence B ∝ r−(`+2), i.e., a dipole field
for our assumed value of ` = 1. To model this case, we set
the outer boundary condition to ∂Ψ/∂r = −`Ψ/r. The fixed
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Figure 9. The surface luminosity perturbation as a function of
surface magnetic field strength for models with β = β0, such that

the radial component of the magnetic field and electric current

vanish at the surface. We also plot luminosity perturbations for
β = βpot such that the poloidal field has a potential profile at the

surface. In either case, very strong magnetic fields are required for

detectable luminosity perturbations in main sequence stars. Ob-
served photometric variations of magnetic stars likely arise from

variations in the emergent spectrum rather than variations in the

bolometric flux.

slope at the outer boundary effectively sets the value of β,
which we refer to as βpot.

Figure 8 shows the results of this calculation for several
values of λ2. The required values of βpot are typically sim-
ilar to (but smaller than) β0, i.e., values on the order of a
hundred. For λ2 ' 10, a nearly force-free field satisfies the
potential outer boundary condition, such that βpot ' 0. For
larger values of λ, the required βpot is negative. However,
we find those solutions almost always have a zero-crossing
somewhere in the star, and cause numerical problems, so we
do not investigate them further in this work. We note that
they would likely entail surface flux perturbations of the
opposite sign, i.e., a cool magnetic pole and hot magnetic
equator. Figure 9 shows the surface luminosity perturba-
tions for β = βpot, which are a similar magnitude to those
with β = β0, and not detectable for observed magnetic field
strengths.

3.3 Shape of Distorted Star

The sign of the pressure/density perturbations near the sur-
face of the star determine wither it becomes oblate (smaller
photospheric radius at magnetic pole) or prolate (larger
radius at magnetic pole). As discussed above, we believe
negative Eulerian pressure perturbations at the magnetic
pole are most likely, which means the surface displacement
ξr = δP/(ρg) is also negative at the magnetic pole. Hence,
magnetically distorted stars are likely to be oblate. Heuris-
tically, this is consistent with the idea that high magnetic
pressure at the star’s pole (or magnetic tension near the
equator) squeezes the star into a flattened shape.
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The star’s ellipticity is

ε =
ξr,surf

R

=
δP

P

H

R

∼ β × 10−10

(
Bsurf

1kG

)2(
R

R�

)4(
M

M�

)−2

. (62)

Similar to the flux perturbations, this is too small to detect.
The quadrupole moment of the star is

Q =

∫
δρr4Y ∗20dΩdr

MR2

∼ β × 10−12

(
Bsurf

1kG

)2(
R

R�

)4(
M

M�

)−2

. (63)

The quadrupole moment of the star is even tinier than other
perturbations because the density perturbation is largest
near r ∼ 0.2, providing a small lever arm for the quadrupole
moment.

3.4 Ohmic Heating and Poynting Flux

Our models ignore non-ideal effects such as Ohmic heating
that will inevitably cause the field to decay. As long as these
effects are small, our approximations are suitable. We first
investigate the effect of Ohmic heating in our models. The
heating rate per unit volume is

ρεOhm = 4πηj2 (64)

where the current density j is given in equation 16. Hence
the heating rate is

ρεOhm = η
λ2

4πR2

(
B2
r +B2

θ

)
+

η

r2 sin2 θ
(∆∗Ψ)2 . (65)

Using equations 3, 5, and manipulating equation 18, this can
be expressed

ρεOhm =
η sin2 θ

r2

[
−4

r2R2
Ψ2 +

1

R2
Ψ′2

+

(
r2(δP + ρδΦ)

Ψ
+
λ2

R2
Ψ

)2]
. (66)

The angular dependence is sin2 θ, and we have removed a
spherically symmetric term since we are only interested in
the non-spherical component.

Equation 66 can be compared to other sources of heat
generation and/or heat diffusion in equation 45. We find that
the Ohmic heating term is roughly three orders of magni-
tude smaller than the heat diffusion term (second term in
equation 45) for all the models shown in this paper. Hence,
Ohmic heating is irrelevant for these models.

Likely a more important effect is that the Ohmic diffu-
sion time tOhm = r2/η drops sharply near the surface of the
star, falling to ∼ 1 Gyr near the surface of our model. The
diffusion time scale is even shorter in the atmosphere of the
star and could be shorter than the star’s lifetime. Conse-
quently, the fields will dissipate or change their morphology
within the star’s atmosphere until they approach a current-
free (and force-free configuration). This will bend the field
lines and hence create magnetic forces within the star until
it approaches a new (quasi)-equilibrium.

Another way of seeing this is by examining the Poynting
flux (see Duez et al. 2010a):

Fpoy = ∇ ·
(
ηFmag

)
(67)

where Fmag = (∇ × B) × B/4π is the Lorentz force. The
Poynting flux represents the decrease of electromagnetic en-
ergy per unit volume, and it has the same order of magnitude
as the Ohmic heating rate. As the fields dissipate, their en-
ergy density changes until the Poynting flux is nearly zero,
which happens on Ohmic diffusion time scales. Landstreet
(1987) discusses the importance of magnetic forces arising
due to Ohmic dissipation, finding they are likely negligible
for main sequence stars. However, over long time scales, the
morphology of the magnetic field will be altered away from
the solutions we have computed, which could also affect the
emerging luminosity perturbations.

3.5 Linearity and near-surface effects

Since the value of δP/P can become very large near the sur-
face of the star (Figure 5-8), non-linear effects may also start
to be important in the near-surface layers. In our models, the
δP/P eigenfunction is 1-2 orders of magnitude larger than
the surface luminosity perturbation δL/L, which is plotted
as a function of surface field strength in Figure 9. Hence,
δP/P remains very small except for unphysically large sur-
face field strengths B & 105 G.

However, we placed the outer boundary at a radius of
r/R ' 0.99 in our calculations. This allowed us to avoid
uncertainties associated with the response of near-surface
convective layers above our outer boundary. The value of
δP/P likely continues to increase towards the surface (be-
cause P drops sharply), so it is possible that non-linear ef-
fects start to become important near the surface. It is un-
likely that this affects the luminosity perturbation, which
changes smoothly with radius and cannot be greatly affected
in the near-surface layers. Hence, the magnetic field profiles
and luminosity perturbations that we calculate are probably
robust, but the near-surface pressure and temperature pro-
files could be affected by these surface effects. In principle,
this could affect the spectrum of the star, which is sensitive
the atmospheric temperature profile.

4 DISCUSSION

4.1 Stability of Equilibrium

The magnetic field configurations we have computed are
in hydrostatic and radiative equilibrium, but we have not
investigated whether these equilibria are stable or unsta-
ble. Braithwaite (2009) (see also Akgün et al. 2013; Becerra
et al. 2022b) showed that stable magnetic equilibria require
Etor & 0.25Epol, where Etor and Epol are the toroidal and
poloidal magnetic field energies. All of our models satisfy
this criterion (they typically have Etor/Epol ∼ 1) except for
the λ2 = 2 models. They also fall below the upper limit for
stability, Emag . (1/10)GM2/R for surface field strengths
less than ∼ 1 MG. Nonetheless, it is possible that some of
our models are unstable, which should be examined in fu-
ture work using 3D numerical simulations (Duez et al. 2010b;
Kaufman et al. 2022).
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4.2 More Realistic Field Configurations

A limitation of our work is the assumption of a field with
purely dipole structure, whereas real fields likely have a
more complicated angular structure that changes with ra-
dius. As discussed above, real fields likely have vanishing
current above the photosphere which (according to our solu-
tions, equation 16) require vanishing Br or vanishing λ. The
first conflicts with observations of real stars (Landstreet &
Mathys 2000; Oksala et al. 2018; Shultz et al. 2019) while the
second implies purely poloidal fields which are well known
to be unstable (Markey & Tayler 1973). It is likely that a
real star has a more complicated angular and radial field
dependence, such that the electric currents vanish in the
near-vacuum outside the star. In these configurations, the
toroidal magnetic field vanishes on magnetic field lines that
penetrate the surface of the star (Lyutikov 2010).

These sorts of configurations have been computed near
the surface of a star in Raadu (1971); Milsom & Wright
(1976), or in the interior for parameterized field configu-
rations (Lyutikov 2010; Akgün et al. 2013; Becerra et al.
2022b). However, these configurations are not in thermal
equilibrium and therefore not stable over thermal time
scales. Computing such fields in the bulk of a star and ac-
counting for thermal and hydrostatic equilibrium will re-
quire the solutions of partial differential equations, which is
beyond the scope of this work. We suspect that such con-
figurations (which appear qualitatively similar to those we
compute) will alter our results by a factor of order unity,
but will not greatly change any of our conclusions.

4.3 Estimating the Perturbed Surface Flux

Our solutions which map onto Br = 0 or Br ∝ r−(`+2)

may resemble more realistic magnetic field configurations.
We find that large values of β∼200 are required for typical
toroidal fluxes of λ2∼ 1 − 10. This entails internal temper-
ature, pressure, and flux perturbations that are ∼200 times
larger than a naive estimate of ∼B2/(GM2/R4). Nonethe-
less, even for the strongest observed fields of B ∼ 10 kG in
main sequence stars, the bolometric luminosity variation is
δL/L . 10−6 (Figure 9) and is not detectable even with
high-quality space-based photometry.

Applying von Zeipel’s law near the surface of the star,
one might expect magnetic fields to produce flux perturba-
tions of order

δL

L
∼ fmag

fgrav
∼ B2

surf

4πρRg
. (68)

This translates to

δL

L
∼ 0.004

(
Bsurf

1 kG

)2(
ρ

10−8g/cm3

)−1(
M

M�

)−1(
R

R�

)
.

(69)
This is several orders of magnitude larger than our calcula-
tions, clearly ruling out this expectation. Even though mag-
netic forces can be comparable to gravity near the star’s
surface, this applies only in a very thin layer near the photo-
sphere. The deep interior (where the outgoing thermal flux is
determined) has much higher density and is only weakly dis-
torted, leading to a flux perturbation on the order of equa-
tion 61, which is the von Zeipel expectation applied to the

deep interior. The even more naive estimate

δL

L
∼ Pmag

Pgas
∼ 4

(
Bsurf

1 kG

)2(
Pgas

104erg cm−3

)−1

(70)

can be ruled out for the same reasons.
It would be useful to relate the observed flux perturba-

tion or surface magnetic field strength to a star’s internal
magnetic field strength. This will be difficult to accomplish
from flux perturbations until a better understanding of their
cause is established. Our results suggest that central mag-
netic field strengths can be anywhere from ∼3-50 larger than
surface field strengths (see Figure 3) which is in qualita-
tive agreement with numerical simulations by Braithwaite
(2008) (see Figure 8 of that work), with higher central field
strengths for higher magnetic forces or helicity. The force
will be difficult to observationally quantify but the helicity
could potentially be determined if the star’s surface toroidal
field can be measured (e.g., Figure 6 in Kochukhov et al.
2011).

The effects of magnetic fields are very different for sys-
tems not in thermal equilibrium. In stars with transient
magnetic activity (e.g., spots in magnetically active stars),
magnetic spot life times can be much shorter than the star’s
local thermal time, depending on the depth of the spots.
Magnetic fields can also temporarily disrupt convective en-
ergy transport, which also occurs on a thermal time. This
is why the Sun’s spots can appear dark: they are not in
thermal equilibrium with underlying layers. In our work, we
predict that magnetic poles of radiative stars can be either
hot or cool, although we have argued they are more likely
to be hot for realistic magnetic field configurations. This
agrees with the sign predicted by Cantiello & Braithwaite
(2011), who examined spots in hydrostatic equilibrium but
not thermal equilibrium. However, thermal diffusion could
drastically reduce the flux perturbation below their estimate
(essentially equation 70), for spots that live longer than the
local thermal time.

4.4 Limitations

For the most part, our methods are general and are applica-
ble to nearly any type of radiative star, such as massive stars
or white dwarfs. However, there are a few modifications that
need to be made depending on the circumstances.

In this work, we did not compute the physical displace-
ment vector ξ, which does not appear anywhere in our set
of equations. The reason for this is that the final state of the
system (i.e., the perturbed pressure, temperature, etc.) and
its final energy is independent of the displacements needed
to reach that configuration. There are infinite combinations
of ξr and ξ⊥ that satisfy the continuity equation

δρ+ ∇ ·
(
ρξ
)

= 0 . (71)

However, we assumed uniform composition in our equation
of state (equation 40), a good approximation for young main
sequence stars. In stars with composition differences, the
equation of state will contain an extra χµ(δµ/µ) term, where
µ is the mean molecular weight. If composition does not
diffuse, we have δµ ∼ −ξrdµ/dr, and hence the perturbed
state will depend explicitly on the displacement vector. The
equilibrium configuration is then presumably given by the
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displacement which minimizes the total energy of the per-
turbed system. This should be accounted for when consider-
ing stars with composition gradients (e.g., evolved stars and
white dwarfs).

Another issue we have neglected is anisotropic conduc-
tion induced by magnetic fields. In main sequence stars, this
effect is only important in the surface layers where the elec-
tron mean-free path increases and becomes comparable to
the Larmor radius. However, it may be important in the deep
interiors of white dwarfs where electrons conduct most of the
heat (Potekhin 1999; Potekhin & Yakovlev 2001; Chang &
Quataert 2010) and have fairly long mean free paths due to
the high electron degeneracy. We hope to examine this effect
in future work.

We have also neglected any magnetically induced
changes to opacity. These could be important near a star’s
surface because magnetic fields split the energy levels of
atomic transitions, changing the opacity from bound-bound,
bound-free absorption, and free-free absorption (e.g., Jordan
1992). We suspect that this will not alter our conclusions re-
garding the perturbation to the bolometric surface flux, be-
cause effects limited to the surface layers cannot change the
emerging flux from below. This can be seen from equation
45, because the second term is of order unity near the sur-
face, and will only change the emerging flux by an amount
∼ ∆r/r, where ∆r is the width over which near-surface ef-
fects are important.

What is more likely is that the star’s emergent spec-
trum is altered by magnetic changes to opacity, or by com-
position differences between the magnetic pole and equator.
Even with no perturbation to the bolometric flux, a chang-
ing spectrum could create large differences in, e.g., g-band or
r-band fluxes as the magnetic pole rotates in and out of view.
As an example, Caiazzo in prep. finds large changes in the
composition and spectrum as a function of rotational phase
in the magnetic WD ZTF J203349.8+322901.1 (“Janus”),
even though there is no clear variation in the bolomet-
ric flux. Similar photometric variations (typically ∼1-3% in
amplitude) are observed in chemically peculiar magnetic A
type stars (Hümmerich et al. 2018). Compositional inho-
mogeneities could naturally arise due to the perturbed gas
pressure in the near-surface layers, which will alter atomic
diffusion processes. This process should be studied in more
detail.

5 CONCLUSIONS

We have computed the effects of strong magnetic fields on
the structures of radiative main sequence stars. Our focus
is the perturbed surface temperature and radiative flux in-
duced by the magnetic field, which can produce photomet-
ric modulation as the star rotates. Unlike most prior work,
we have computed structures in both hydrostatic and ther-
mal equilibrium, which applies to stars with long-lived fossil
fields, such as magnetic Ap stars. Our models have simple
dipolar angular structure and include toroidal fields with
associated magnetic helicity λ.

We find that magnetic fields at observed field strengths
of ∼ 1 kG produce negligible bolometric flux perturbations,
δL/L . 10−6. Even though such fields are large enough to
produce significant perturbations to the photospheric gas

pressure and hydrostatic force balance, the radiative flux
is determined by deeper layers of the star where magnetic
forces are negligible. The perturbed surface flux is compa-
rable to the von Zeipel theorem estimate δL/L ∼ fmag/(ρg)
only when evaluated in the deep interior. Depending on their
helicity and magnetic force, internal magnetic fields are typ-
ically a factor of ∼10 larger than surface magnetic fields.

The size of the magnetic perturbation depends on the
strength of the magnetic forces, parameterized by β, which
is zero for a force-free field. Relatively large values of β∼200
are needed for significant modification of the magnetic field
profile relative to a force-free configuration. We have argued
that these values of β are most likely to occur in real stars
such that the magnetic profile matches onto boundary condi-
tions minimizing electric current near the surface. This leads
to photometric modulations that are a few hundred times
larger than a naive estimate of δL/L∼B2

surfR
4/(GM2), but

still too small to be observed. Photometric modulations ob-
served in magnetic stars likely arise from changes in the
emergent spectrum rather than changes in the bolometric
flux. Although we have focused on a young 3M� model in
this work, the same method can be applied to other types of
predominantly radiative stars, such as moderately evolved
massive stars or white dwarfs.

Our work can be improved in several ways. First, real-
istic magnetic configurations likely have toroidal fields con-
fined to closed poloidal surfaces within the star such that
current does not flow into the atmosphere and dissipate
the magnetic field. Incorporating this condition will require
more complicated magnetic topologies and non-separable
solutions to the hydrostatic balance and radiative diffu-
sion equations. The impacts of rotation, where the rotation
and magnetic axis are often misaligned, and of the associ-
ated centrifugal forces have also been neglected in this work
(Monaghan 1973; Galea & Wood 1985). Our models do not
account for composition gradients within a star, which may
significantly affect the magnetic perturbations in evolved
stars and white dwarfs. Finally, magnetic changes to opac-
ity and anisotropic conduction should be included in future
models in order to better interpret observable photometric
and spectroscopic variations of magnetic stars.
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